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 Symbolic obstacles in calculus prevent students from moving away from intuition and towards formal thinking, 

but are rarely studied in the context of artificial intelligence (AI) interaction logs. We investigated symbolic 

obstacles and AI-supported representational transitions among 12 Indonesian undergraduate mathematics 

education students in a non-intrusive intrinsic case study. Semi-structured interviews, eight classroom 

observations, diagnostic tests, academic artifacts, and AI logs were analyzed through inductive-deductive 

thematic analysis, based on Tall’s Three Worlds of Mathematics. Four obstacles are highlighted: graph-to-symbol 

translation, integral and sigma notation, limit notation, and symbolic algebraic manipulation. Participant-level 

comparisons showed 27.4%–53.8% fewer coded symbolic errors in post-activity assessments than at baseline. AI 

scaffolding through dynamic visualization, adaptive feedback, step-by-step guidance, and solution validation was 

associated with representational cycling, metacognitive reflection, reported self-efficacy gains, and lower 

mathematics anxiety. The study integrates AI-log evidence with the Three Worlds framework to explain how 

scaffolding can support students in addressing symbolic obstacles. 

Keywords: artificial intelligence, calculus, digital scaffolding, representational fluency, symbolic obstacles, three 

worlds of mathematics 
 

INTRODUCTION 

University calculus is a demanding subject for higher education because it is expected to help students develop conceptual 

reasoning but it is also a gateway to study science, technology, engineering and mathematics. Reviews of undergraduate calculus 

education suggest that calculus courses can serve as a platform to push students to the next level of learning but also filter out 

participation when nothing really meaningful is happening and there is no fundamental knowledge (Biza et al., 2022). The 

obstacles in moving from school to university mathematics are not just the implementation of rules but also in their language and 

form of justification and expectations to coordinate visual, numerical, verbal and symbolic representations (Di Martino et al., 

2023). Mathematical notation can also be a source of structure or an impediment when students use symbols but do not relate 

them to the quantities and relationships that they represent. 

These difficulties can be seen in many calculus tasks. Students may recognize the geometric idea of an area under a curve but 

struggle to interpret the role of 𝑑𝑥, determine the meaning and orientation of integral bounds, or relate a Riemann sum to integral 

notation. Research with university students has documented unstable interpretations of differentials and definite integrals, 

including difficulties coordinating symbolic expressions with graphical and contextual meanings (Bajracharya et al., 2023; Nilsen 

& Knutsen, 2023). Similar instability occurs in derivative learning when students can apply differentiation rules but cannot 

adequately explain the derivative in terms of covariation, local rate of change, slope, or graphical behavior (Aniswita et al., 2024; 

Thompson & Harel, 2021). These patterns mean that a wrong symbol is not a single transcription or procedural error. It may reveal 

much more about the fact that there is an underlying disruption in the process of creating and recording mathematical meaning 

across representations.  

We think of these types of disruptions as symbolic obstacles. Mathematical understanding from a semiotic perspective, in 

other words, is about coordinating and changing representations rather than operating within a single representational register 

(Duval, 2017). In other words, representational fluency is not just about finding a mathematical object of the same form but about 

forming various forms. It is about students building, interpreting, selecting, and connecting representations while keeping the 

mathematical relationships that are universal to them (Fonger, 2019). In Indonesian mathematics education studies, students 

https://www.pedagogicalresearch.com/
mailto:toto.nusantara.fmipa@um.ac.id
https://doi.org/10.29333/pr/19631
https://orcid.org/0000-0002-7542-6757
https://orcid.org/0000-0003-1116-9023
https://orcid.org/0000-0001-9412-0799


2 / 17 Nursit et al. / Pedagogical Research, 11(4), em0295 

have also found compartmentalized understanding when working with a variety of representations and not preserving semantic 

congruence in translating between symbolic, verbal, and graphical representations (Afriyani et al., 2018; Nurrahmawati et al., 

2021). The external visualization literature also emphasizes that graphs, diagrams, and dynamic displays are pedagogically useful 

when students actively connect them with mathematical objects and inferences expressed in symbols and language (Schoenherr 

& Schukajlow, 2024). This is why students will know the spatial and visual tendency of a function, an area image, or a rapidly 

changing slope but can’t express that in the terms of limit, derivative, integral, or sigma notation. 

Tall’s Three Worlds of Mathematics provides an epistemological framework to locate these representational challenges. 

Mathematical activity as a result of perception and action is embodied, symbolic activity through processes and manipulable signs 

are defined, and formal activity involves definitions, properties, generalization, and deductive reasoning (Tall, 2008). Embodied 

cognition research also shows that mathematical meaning can be determined by the coordination of perception and action, 

technological tools, and symbolic systems rather than purely symbolic manipulation by the imagination (Halák, 2022; Shvarts et 

al., 2021). Mathematical worlds are not a fixed set of things to learn, and students can move in and out of them or draw from more 

than one universe at once. But symbolic expression can be just as important in calculus. If notation does not preserve the meaning 

of graphs and actions as well as the language we use for verbal expression, then mathematical reasoning into a formalistic 

explanation can be at a standstill. 

Digital and artificial intelligence (AI) tools can help students maintain those transitions when they help students connect 

representations without taking away the time to compute with math. Connected visualizations can reflect change simultaneously 

in visual and symbolic form, and technology-supported environments can allow students to explore calculus relationships and to 

see gaps in understanding (Chytas et al., 2024; Li et al., 2022). Recent classroom research on AI in calculus has found a positive 

impact on explanation, engagement, feedback, and individualized assistance, but this same research also points out that good 

instructional design and careful guidance are needed (Serhan & Welcome, 2024; Torres-Peña et al., 2024). Interactive feedback is 

also of particular importance if it looks at a problematic symbolic step and points out the inconsistency in the representation, and 

students are encouraged to correct their own representation and not just accept the final solution (Barana et al., 2021). AI can 

provide a temporary digital scaffolding that students can check for relationships and the differences that they might have missed. 

Despite these advances, there are still three gaps. First, there are few studies on problems in calculus where we can find 

symbolic errors in students’ transitions from embodied, symbolic, and formal thinking. It is not clear whether a given error is due 

to an unstable intuitive meaning, a translation to notation, an invalid symbolic shift, or a lack of formalization. Second, research 

on AI in calculus has mainly focused on students’ perceptions, general experience in the classroom, or task performance. AI 

interaction logs are not widely used as process data to show the students’ requests for help or feedback, how students change 

their symbolic work, and how they use different representations as they tackle a problem. Third, the instructors need to 

understand how dynamic visualization, adaptive feedback, step-by-step guidance, and solution validation can be organized to 

facilitate representational transitions without entailing reliance on automated answers. These gaps are theoretical as well as 

practical because they concern both the explanation of symbolic obstacles and the design of instruction for addressing them. 

Accordingly, this exploratory intrinsic case study investigates symbolic obstacles among undergraduate mathematics 

education students at a university in Malang, East Java, Indonesia, and examines how AI-based scaffolding is associated with 

students’ attempts to address those obstacles. The study integrates Tall’s Three Worlds of Mathematics with representational 

fluency and embodied cognition to identify where representational breakdowns occur and to interpret how students respond to 

dynamic visualization, adaptive feedback, step-by-step guidance, and validation. Three research questions guide the study: What 

types of symbolic obstacles are evident in students’ work on limits, derivatives and integrals? How do these symbolic obstacles 

shape students’ transitions between embodied, symbolic and formal mathematical thinking? How do AI-supported visualization, 

feedback, guidance and validation support students’ representational and strategic responses to symbolic obstacles?  

The study provides a holistic view of symbolic obstacles by answering diagnostic questions, conducting interviews, observing 

in the classroom and providing academic artifacts and AI interaction logs. Its contribution is not to argue that AI causes conceptual 

development, but to show how specific types of scaffolding can make representational relationships, symbolic inconsistencies 

and revision processes visible to learners and researchers. The conceptual and theoretical connections that are the basis of this 

analysis are described in the next section and in Figure 1. 
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CONCEPTUAL AND THEORETICAL FRAMEWORK 

In this work, we distinguish between its theoretical lens and conceptual model. Tall’s Three Worlds of Mathematics is the 

primary theoretical framework, and representational fluency and embodied cognition further solidify how mathematical meaning 

is constructed and organized. Artificial intelligence (AI)-based scaffolding is the teaching mechanism in the conceptual model, not 

the other mathematical world. 

Tall’s Three Worlds of Mathematics 

Tall (2008) distinguishes between mathematical thinking in the embodied, symbolic, and formal worlds. These three 

approaches together encapsulate how undergraduate students experience symbolic hurdles when they manage to juggle 

intuitively, symbolically, and formally based calculus reasoning. The embodied world is formed by perception, imagery, spatial 

connections, action, and experience with mathematical objects. The symbolic world is the notation and operations that describe 

processes and the objects produced by those processes. The formal world is formed by definitions, properties, generalization, and 

deductive reasoning. These worlds are not rigid developmental stages: students may move recursively in one world and use more 

than one world at once. They can face difficulties when meaning that is set in one world is not preserved in another.  

In undergraduate calculus, there are graphs such as changing quantities, areas, slopes, motion, and visual approximation to 

support embodied reasoning. Limit, derivative, integral, sigma, and differential notation, and algebraic transformations are all 

symbolic activities. Formal reasoning is apparent when students justify a limit, explain the relation between differentiation and 

integration, or connect symbolic procedures to definitions and theorems. In a study of the basic calculus concepts, it is found that 

what makes learning difficult for students is the meanings and ways of thinking they bring to these concepts in general and not 

only procedural errors (Thompson & Harel, 2021). Differentials and definite integrals are also studied to show that students can 

perform some procedures with their different symbols dx, limits, and integral notation being different (Nilsen & Knutsen, 2023) 

Analytically, this study treats the symbolic world as a critical hinge. The student might picture a graphical tendency or 

accumulate but cannot express that in a reasonable calculus notation. Tall’s framework shows where a transition difficulty is and 

represents the way in which a connection is being made. 

Representational Fluency as the Connecting Mechanism 

Representational fluency is the ability to produce, interpret, select, coordinate and translate between representations with 

mathematical meaning. It is not just about displaying the same object in many ways. Fluency is clear when graphs, tables, verbal 

accounts, numerical patterns, and symbolic expressions indicate structurally consistent relationships (Fonger, 2019). External 

representations are the ones that help students learn and coordinate them better in terms of reasoning as opposed to just being 

examples (Schoenherr & Schukajlow, 2024). Technology-based environments can make this coordination even stronger when 

multiple representations are connected, and the students need to explain their correspondence (Li et al., 2022).  

Representational fluency is the key to linking the three mathematical worlds. Reading the behavior of a graph near a point 

requires some embodied reasoning; to translate this behavior into a limit requires some symbolic encoding; to explain why the 

notation gives a definition is a formal one. Symbolic obstacles arise when the semantic coherence is lost along this path. They may 

be graph-to-symbol errors, a misunderstanding of 𝑑𝑥, incorrect integral bounds or sigma indices, unstable limit notation, or 

transformations that alter the meaning of an expression. 

 

Figure 1. Conceptual framework for addressing symbolic obstacles through AI scaffolding (Source: Authors’ own elaboration, 

based on Tall (2008) and the study’s conceptual framework) 
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Embodied Cognition as a Basis for Meaning Construction 

Embodied cognition describes how mathematical meaning can be understood in relation to perception, action, gesture, 

spatial organization, and interaction with artifacts. Mathematical thinking is not limited to internal manipulation of symbols. 

Embodied instrumentation is the study of learning in which we study the learner’s actions, perceptual attention, and technological 

artifacts (Shvarts et al., 2021). In calculus, tracing a curve, manipulating a dynamic point, comparing local slopes, or observing 

increasingly fine partitions might make variation, rate, and accumulation perceptually possible.  

These experiences don’t automatically lead to symbolic or formal understanding. Students might notice a visual pattern 

without being able to encode or justify it mathematically. Embodied activity is thus viewed as an underlying source of meaning 

that needs to be synchronized with language and notation, not as a preliminary stage that is simply replaced. This approach is 

consistent with embodied learning approaches that emphasize purposeful relationships between action, visual attention, 

representation, language, and reflection (Way & Ginns, 2024). 

AI-Based Scaffolding as a Pedagogical Mediator 

AI-based scaffolding is conceptualized as contingent and gradually fading support for movement between embodied, 

symbolic and formal reasoning. Contingency and fading of responsibility are the key characteristics of scaffolding, as the support 

should be responsive to the current needs of a learner and less so as independent performance develops (van de Pol et al., 2010). 

In this study, we implemented AI support through dynamic visualization, adaptive feedback, step-by-step guidance and solution 

validation.  

These mechanisms have different representational properties. Dynamic visualization may make variation and invariants 

perceptually available. Adaptive feedback can highlight a particular symbolic inconsistency rather than simply mark a final answer 

as wrong. Step-by-step guidance enables you to break down a representation change into actionable steps, and validation can 

help compare the learner’s work and digitally generated output. Interactive feedback is most effective when it is specific to the 

learner’s current step and supports revision rather than replacing the learner’s reasoning (Barana et al., 2021). Reviews of AI in 

mathematics education found the involvement of individualized support, feedback and diagnosis in the pedagogical practice of 

AI (Hwang & Tu, 2021). Calculus-based classroom studies also show that digital and AI-enabled activities can increase student 

engagement with changing quantities and multiple representations in structured educational designs (Chytas et al., 2024; Torres-

Peña et al., 2024).  

AI scaffolding is therefore not assumed to lead to conceptual development independently. It can support representational 

coordination and metacognitive regulation, but too much guidance can stifle productive struggle or induce dependency. The 

framework thus views fading and independent symbolic production as necessary conditions to regard AI support as scaffolding, 

not answering. 

Integrated Analytical Proposition 

The integrated framework proposes that calculus understanding develops through recursive coordination among embodied, 

symbolic, and formal worlds. Embodied cognition explains how meanings are grounded; representational fluency explains how 

those meanings are translated and preserved; symbolic obstacles identify disruptions in this coordination; and AI-based 

scaffolding provides temporary support at the point of disruption. 

The framework guides analysis of: (a) the mathematical world in which a student’s reasoning is situated; (b) the 

representational transition being attempted; (c) the symbolic obstacle that disrupts the transition; (d) the form of AI scaffolding 

provided; and (e) subsequent evidence of greater representational coherence, strategic independence, or formal justification. It 

does not presume linear transitions or a causal treatment effect. Changes in confidence and mathematics anxiety are interpreted 

as associated learning responses rather than constitutive elements of the theoretical framework. 

MATERIALS AND METHODS 

Research Design and Case Selection 

This study employed an exploratory qualitative intrinsic case-study design to investigate how symbolic obstacles emerged 

and changed during an artificial intelligence-supported undergraduate calculus learning sequence (Creswell & Poth, 2018; Sneed 

et al., 2020). The case was bounded by one mathematics education program at a university in Malang, East Java, Indonesia; twelve 

participating students; the topics of limits, derivatives, and integrals; and eight observed learning sessions. A qualitative case 

study was appropriate because the study sought an in-depth, context-sensitive explanation of students’ representational activity 

rather than statistical generalization. Recent methodological guidance emphasizes that case-study quality depends on clearly 

bounding the case, defining the unit of analysis, and explaining why the selected setting is information-rich for the research 

purpose (Miller et al., 2023; Mtisi, 2022). 

The university was selected because it provided access to early-stage mathematics education students who were taking or 

had recently completed Calculus I or II and were therefore actively negotiating transitions among visual, symbolic, and formal 

representations. The setting also enabled the same students to be followed across diagnostic assessment, AI-supported activities, 

interviews, classroom observations, and post-assessment. The case is not presented as statistically representative of Indonesian 

universities; rather, its instructional and sociocultural boundaries are reported to support judgments of transferability. 
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Participants 

Participants were twelve mathematics education students in semesters 1–3, selected through purposive sampling. Inclusion 

criteria were being enrolled in or having recently completed Calculus I or II, demonstrating varied forms of symbolic difficulty in 

preliminary work, being able to describe their learning experiences, and providing informed consent. Students who had 

completed advanced calculus courses or had substantial absences during the observed learning sequence were excluded. 

Participant identities were replaced with codes P1–P12 in the analytical dataset and with corresponding pseudonyms in 

qualitative excerpts. 

The sample size was considered appropriate for the intrinsic purpose of examining variation and commonality within a 

bounded case. No claim of population-level generalizability was made. Instead, detailed descriptions of the participants, tasks, 

learning sequence, and institutional context were retained to enable readers to determine the applicability of the findings to 

comparable settings. 

Data Sources and Research Procedure 

Data were collected from five complementary sources: written diagnostic assessments, semi-structured interviews, non-

participant classroom observations, academic artifacts, and AI interaction logs. The multiple evidence sources enabled symbolic 

steps, verbal explanations, observed behavior, and AI-supported revisions to be examined together.  

The research process took six stages: case selection, pre-assessment, initial diagnosis, an eight-session AI-supported learning 

sequence, post-assessment, and integrated analysis. We selected 12 undergraduate mathematics education students from a 

university in Malang, East Java, with a bounded calculus learning context. We asked the students first to write a pre-assessment 

in which they obtained written answers that were used for semi-structured interviews and the review of relevant academic 

artifacts. See Table 1 for data sources and their analytical contributions. 

During the eight-session learning sequence, the AI acted as a scaffold through three levels of support: intuitive or visual 

prompts, symbolic or procedural guidance, and formal justification or verification. Higher-level suggestions were provided only 

when earlier support was not sufficient. Non-participant observations and AI interaction logs summarized students’ notation use, 

representational changes, responses to feedback, prompts, outputs, and revisions. 

The participants then completed a post-assessment in the same format, time, and procedures as the pre-assessment. AI or 

mathematical software was only allowed for certain kinds of graphing and solution-validation tasks. Responses (pre- and post-

assessment) were compared with the same symbolic error rubric, and all assessments, interviews, observations, artifacts, AI logs, 

and reflections were combined for NVivo-supported thematic analysis and mapping to Tall’s embodied, symbolic, and formal 

worlds. 

Figure 2 shows the stages in order. The data and the initial interpretation were very close to each other in eight AI-supported 

sessions, with observations, student artifacts, and AI interaction logs being reviewed to fine-tune subsequent interview questions 

and to identify areas of need for further analysis. After the post-assessment, all of the materials were collected into a qualitative 

corpus which included diagnostic results, interview transcripts, observation records, academic artifacts, AI interaction logs, and 

written reflections. This corpus was then subjected to the iterative inductive-deductive analysis described in qualitative data 

analysis. 

Table 1. Data sources and their analytical contributions 

Data source Procedure Primary analytical contribution 

Written diagnostic assessments Pre- and post-assessments consisting of limits, 

derivatives, and integrals tasks 

Identification of symbolic errors, representational 

coherence, and descriptive changes in error rates 

Semi-structured interviews Individual sessions lasting approximately 45–60 

minutes 

Students’ interpretations of symbols, representational 

transitions, AI support, and affective responses 

Non-participant observations Eight calculus learning sessions Students’ use of notation, responses to prompts, 

representation switching, and interaction with AI 

Academic artifacts Assignments, notes, assessment responses, and 

relevant course documents 

Corroboration of recurring symbolic-error patterns 

AI interaction logs Recorded prompts, hint levels, responses, revisions, 

and outputs 

Identification of scaffolding mechanisms and changes in 

students’ representational activity 
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Diagnostic Instrument and Symbolic-Error Metrics 

The written diagnostic instrument comprised three problems with sub-items a–c and required approximately 30–40 minutes. 

The limit task assessed algebraic manipulation, graphical estimation, and the relationship between graphical behavior and the 

formal meaning of a limit. The derivative task assessed symbolic differentiation, graphical interpretation, and the relationship 

between f and f′. The integral task assessed manual integration, AI-supported validation, and interpretation of dx in relation to 

accumulation and area. 

Two complementary scoring layers were applied. First, each diagnostic sub-item received a level-of-evidence score: 2 for a 

coherent response, 1 for a partial response, and 0 for an incorrect or unsupported response. These scores supported the 

qualitative interpretation of transitions among embodied, symbolic, and formal reasoning. 

Second, individual symbolic representation or transformation steps were assessed using the symbolic-error rubric. Steps at 

rubric Levels 0–1 were classified as errors, whereas Levels 2–3 were classified as non-errors. The unit of analysis was therefore one 

scorable symbolic step per problem per participant. Because students produced different numbers of scorable transformations, 

the denominators varied slightly across participants and assessment occasions. 

𝐸𝑅ᵢ,ₜ = 
(𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑖𝑛𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐 𝑠𝑡𝑒𝑝𝑠ᵢ,ₜ)

(𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒𝑑 𝑠𝑦𝑚𝑏𝑜𝑙𝑖𝑐 𝑠𝑡𝑒𝑝𝑠ᵢ,ₜ)
 

Where 𝐸𝑅 denotes error rate, 𝑖 denotes the participant and 𝑡 denotes the pre- or post-assessment. Percentage Reduction (%) 

was calculated as: 

𝑃𝑅ᵢ =  
(𝐸𝑅ᵢ, 𝑝𝑟𝑒 −  𝐸𝑅ᵢ, 𝑝𝑜𝑠𝑡) 

𝐸𝑅ᵢ, 𝑝𝑟𝑒
 ×  100% 

These values were used only as descriptive indicators embedded within the qualitative case study. No inferential significance 

test or causal-effect estimate was calculated because the study did not include random assignment or a comparison group. 

Qualitative Data Analysis 

The qualitative corpus comprised interview transcripts, observation records, open-ended diagnostic explanations, academic 

artifacts, and AI interaction logs. Audio-recorded interviews were transcribed verbatim and checked against the recordings. The 

researchers then repeatedly read the complete corpus to identify units of meaning related to symbolic obstacles, representational 

transitions, AI scaffolding, adaptive strategies, and affective responses. 

We used a hybrid inductive-deductive and codebook-oriented thematic analysis. This analysis was codebook-oriented, not 

purely reflexive due to the combination of codes based on theoretical derivation, an operational rubric, coders, and frequency 

summaries at the level of participants. The thematic analysis literature often stresses the importance of identifying a particular 

thematic-analytical approach and keeping its epistemological assumptions and codebook procedures consistent as well as the 

role of coder and theme development (Braun & Clarke, 2021; Byrne, 2022; Kiger & Varpio, 2020). 

 

Figure 2. Research procedure from case selection and diagnostic assessment to AI-supported learning and integrated analysis 

(Source: Authors’ own elaboration) 
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The analysis involved five phases. Open coding first took into account data-near meanings, including confusion with notation, 

symbolic transformations that did not work, graph-to-symbol disconnections, AI suggestions, and reflective checking. In axial 

coding, related open codes were compared and grouped into broader categories, such as difficulty of graph-to-symbol translation, 

notation interpretation, tiered guidance, representational cycling, and metacognitive reflection. Selective coding then brought 

these categories into higher-level themes and related them to embodied, symbolic, and formal mathematical work. 

In Figure 3, we show how representative excerpts are translated from data-near open codes into axial categories, selective 

themes, and theoretical interpretations. We chose the examples to show how the analytical logic was applied in the wider corpus 

 

Figure 3. Illustrative NVivo coding excerpts and data-to-theme mapping (Source: Authors’ own elaboration) 
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and not the complete codebook. The first pathway illustrates how visual meaning is lost in the process of moving from embodied 

to symbolic reasoning. The second shows how tiered AI guidance supported movement between representations, while the third 

illustrates how feedback made recursive consultation and reflective revision possible. 

Open coding first captured data-near meanings like notation confusion, invalid symbolic transformations, disconnections 

from graph to symbol, questions about additional AI clues, and reflective checking. In axial coding, other open codes were grouped 

into broader categories like graph-to-symbol translation, notation interpretation, tiered guidance, representation cycling, and 

metacognitive reflection. Selective coding then connected these categories with the main themes of the code and mapped them 

into embodied, symbolic, and formal work. 

NVivo 12 Plus was used to organize data, maintain the codebook, retrieve coded excerpts, construct participant-by-code 

matrices, and generate thematic visualizations. NVivo reference counts were interpreted as the prevalence of coded instances 

within the corpus, not as effect sizes, statistical correlations, or independent measures of learning outcomes (See Table 2). 

Trustworthiness and Research Ethics 

Credibility was supported through triangulation across the five data sources, comparison of pre- and post-assessment 

evidence, and member checking of concise interpretive summaries (Birt et al., 2016). At least 25% of the qualitative corpus was 

independently coded by a second researcher. Coding differences were discussed, operational definitions were refined, and final 

decisions were documented (O’Connor & Joffe, 2020). Peer debriefing with mathematics education researchers, reflexive 

journaling, and an audit trail of instrument versions, coding decisions, merged or separated categories, and theme development 

were used to strengthen dependability and confirmability (Korstjens & Moser, 2018; Nowell et al., 2017). A thick description of the 

institutional context, participants, tasks, and AI-supported sequence supported transferability. These procedures correspond with 

recent guidance emphasizing triangulation, member engagement, transparent contextual description, reflexivity, and audit trails 

as complementary components of qualitative trustworthiness (Ahmed, 2024). 

RESULTS 

Our interviews, classroom observations, diagnostic responses and academic artifacts along with AI interaction logs led to four 

interrelated results: the distribution of symbolic obstacles, the locations of transition bottlenecks in Tall’s three worlds of 

mathematics, the changes in coded symbolic errors in the participants’ spaces, and the mechanisms and learning responses for 

AI-based scaffolding. Numerical summaries are given as descriptive data within the qualitative case study. 

Symbolic Obstacle Categories 

The types of symbolic obstacles were identified in our data set: graph-to-symbol translation, integral and sigma notation, limit 

notation, and symbolic algebraic manipulation. Graph-to-symbol translation was the most commonly used and most popular of 

the four types of symbolic obstacles in our data set: 38 coded references for all 12 participants. The remaining categories were 

present in most cases, too: integral and sigma notation in 11 participants, limit notation in 10, and symbolic algebraic 

manipulation in nine. 

The dominant pattern was not a complete lack of intuition. Participants would often describe the visual tendency of a graph, 

an area under a curve, a change in slope, but their written expressions did not reflect such elements. This could be missing or 

misplaced bounds, confused dx and sigma indices, confusion between a function and a limit, to algebraic transformations that do 

not satisfy. Student-03 summarized this separation between visual recognition and symbolic encoding as: 

“When I look at the graph, I understand what it means. But when I use the sigma or integral notation, I am confused about 

what it means.” (Student-03) 

Table 3 shows integrated coding summary of symbolic obstacles. Note that NVivo references indicate data that is coded and 

should not be taken as independent observations. Participant coverage was available for the obstacle categories.  

Table 2. Illustrative NVivo coding excerpts and data to theme mapping 

Raw data excerpt Open code Axial category Selective theme 
Three Worlds 

interpretation 

“When I look at the graph, I 

understand what it means. But when I 

use the notation Σ or integral, I am 

confused about what it means.” 

(Student-03) 

Visual meaning 

understood but not 

encoded symbolically 

Graph-to-symbol 

translation difficulty 

Symbolic obstacle as a 

representational 

bottleneck 

Breakdown in the 

Embodied → Symbolic 

transition 

“This AI gives me the steps, so I can 

see from the graph to the formula, 

then to the answer.” Student-05) 

Staged connection 

among representations 

Tiered AI guidance AI scaffolding supporting 

representational transition 

AI-mediated Embodied 

→ Symbolic movement 

“If I’m wrong, the AI tells me where I 

went wrong. So I try again in a 

different way.” (Student-02) 

Error identification 

followed by revision 

Recursive consultation 

and reflective checking 

Adaptive and 

metacognitive response 

Symbolic consolidation 

supported by feedback 
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The Embodied-to-Symbolic Transition as the Principal Bottleneck 

The obstacles converged from embodied or intuitive reasoning to symbolic representation at the same time. Participants were 

generally more successful when they could view a graph, describe a changing quantity, or refer to an area or slope. The problem 

became harder when the meaning was encoded in limit, derivative, integral, or summation notation. Student-07 addressed this 

transition problem directly: 

 “I can imagine the area under the curve, but when asked to write it down as an integral, I do not know where to start.” 

(Student-07). 

This bottleneck also prevented us from moving towards formal explanations. Formal explanations, such as connecting 

graphical behavior to an appropriate definition, justifying a derivative relationship, or explaining accumulation based on a 

theorem, appeared in only three of the 12 participants in the relevant diagnostic and interview segments. The other participants 

typically remained at an embodied explanation or produced a symbolic procedure without a stable conceptual justification. 

Figure 4 integrates the coding hierarchy with Tall’s Three Worlds framework. The obstacle categories are concentrated in the 

symbolic world, while AI-supported visualization, feedback, guidance, and validation are positioned at the points where students 

attempted to coordinate embodied, symbolic, and formal reasoning. 

Descriptive Changes in Coded Symbolic Errors 

Within-participant comparisons showed fewer coded symbolic-error occurrences in the post-activity materials for all 12 

participants. Percentage reductions ranged from 27.4%–53.8%, with a mean reduction of 42.3% and a median of 40.4%. Six 

participants were classified in the high-reduction group (>40%), and six were classified in the moderate-reduction group (25%-

40%]; no participant was classified in the low-reduction group (<= 25%). The largest reductions were observed for Student-06 

(53.8%), whereas Student-08 showed the smallest reduction (27.4%) (Table 4). 

Table 3. Integrated coding summary of symbolic obstacles 

Domain Category / mechanism Operational evidence in the data 
NVivo 

references 

Participant 

coverage 

Symbolic obstacle Graph-to-symbol 

translation 

Difficulty converting graphical or intuitive meaning into 

valid calculus notation. 

38 12/12 

Symbolic obstacle Integral and sigma notation Confusion about dx, integral bounds, sigma indices, or 

the relation between accumulation and notation. 

26 11/12 

Symbolic obstacle Limit notation Confusion about approaching versus equaling, two-

sided behavior, or formal control. 

24 10/12 

Symbolic obstacle Symbolic algebraic 

manipulation 

Invalid transformation, simplification, substitution, or 

use of an equality sign. 

19 9/12 

 

 

Figure 4. Integrated coding hierarchy derived from NVivo coding and mapped to Tall's Three Worlds of Mathematics (Source:  

Authors’ own elaboration, based on NVivo coding and Tall (2008) ) 
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Note. PR = percentage reduction in coded symbolic errors, calculated as = (pre-activity coded errors - post-activity coded 

errors) / pre-activity errors x 100%. Groups: High >40%; Moderate (25%-40%]; Low <=25%. ER (Error Rate), defined as the number 

of coded errors divided by the number of evaluated symbolic steps, is a separate metric and is not reported in this column. 

AI Scaffolding as Representational and Procedural Support 

The AI interaction evidence pointed to four common forms of support. Dynamic visualization was the most frequently coded 

mechanism with 42 references followed by adaptive feedback with 35 references, tiered step-by-step guidance with 31 references 

and solution validation with 22 references. Table 5 summarizes the main data sources, representative evidence and analytical 

interpretation related to the mechanism. 

Note. Coding references refer to data segments that are coded and not to independent observations. The number of 

references could be from different participants and interactions. The counts thus indicate the relative importance of each 

mechanism in the qualitative data set and are not effect sizes or causal estimates. 

As shown in Table 5, the mechanisms were not quite related in their immediate analysis. Dynamic visualization made 

relationships across representations perceptually available, but adaptive feedback and tiered guidance focused students on the 

symbolic steps specific to each given representation. Successful solution validation allowed for comparison and evaluation. 

Student-05 described the motivation behind this sequence: 

“This AI gives me the steps, so I can see from the graph to the formula and then to the answer. The flow is clearer.” (Student-

05) 

The coded evidence, therefore, described AI support as a bridge that unlocked intermediate relationships and discrepancies. 

It did not show that every interaction became formal. Some of the sequences ended with a slightly corrected symbolic response 

and stronger sequences had a student-generated explanation of why the revised representation was consistent with the graph, 

procedure or definition. 

Adaptive Strategies and Reported Affective Responses 

Four adaptive strategies appeared across the AI-supported activities: cycling among graphical, numerical, verbal, and 

symbolic representations; recursive consultation through progressively more specific questions; comparison with peers or 

alternative solutions; and metacognitive reflection on the source of an error. Recursive consultation was evident when students 

reformulated a question after receiving feedback rather than accepting the first response. Student-02 explained this iterative use 

of feedback: 

Table 4. Participant level comparison of coded symbolic error occurrences 

ID 
Pre-Step 

(K_pre) 
Pre Error ER Pre 

Post Step 

(K_post) 
Post Error ER Post PR % Group 

Student-01 14 9 0.643 15 6 0.400 37.8% Moderate 

Student-02 13 8 0.615 14 5 0.357 42.0% High 

Student-03 12 7 0.583 14 5 0.357 38.8% Moderate 

Student-04 12 6 0.500 13 4 0.308 38.5% Moderate 

Student-05 15 9 0.600 16 6 0.375 37.5% Moderate 

Student-06 12 6 0.500 13 3 0.231 53.8% High 

Student-07 13 7 0.538 14 4 0.286 46.9% High 

Student-08 14 9 0.643 15 7 0.467 27.4% Moderate 

Student-09 12 6 0.500 12 3 0.250 50.0% High 

Student-10 13 8 0.615 13 4 0.308 50.0% High 

Student-11 12 6 0.500 13 4 0.308 38.5% Moderate 

Student-12 13 7 0.538 14 4 0.286 46.9% High 
 

Table 5. NVivo coding references and representative evidence for AI scaffolding mechanisms 

Code and NVivo 

node 

Coding 

references, n 
Principal data sources 

Representative evidence or 

observed pattern 
Analytical interpretation 

S1. Dynamic 

visualization 

42 AI logs, classroom 

observations, 

diagnostic tasks 

Students inspected graphical and 

symbolic representations within the 

same problem-solving sequence. 

Made relationships across embodied 

and symbolic representations 

available for comparison. 

S2. Adaptive 

feedback 

35 AI logs, interviews Students revised localized symbolic 

errors after feedback identified the 

problematic step. 

Supported error monitoring and 

revision within the symbolic world. 

S3. Tiered step-by-

step guidance 

31 AI logs, interviews Guidance progressed from intuitive or 

visual prompts to symbolic procedures 

and requests for formal explanation. 

Mediated movement across 

embodied, symbolic, and formal 

reasoning. 

S4. Solution 

validation 

22 AI logs, written 

reflections 

Students compared manual and AI-

supported solutions and examined 

whether discrepancies represented 

errors or equivalent forms. 

Supported verification and 

metacognitive evaluation of 

symbolic work. 
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“If I am wrong, the AI tells me where I went wrong. I try again in a different way until I get it right.” (Student-02) 

Metacognitive reflections and representation cycling were two strategies that were most commonly linked in participant 

accounts with clearer symbolic changes. Students used graphs or numerical checks to reconsider notation and explained what 

had changed between an initial solution and an updated solution. Peer comparison was less central to the AI logs, but was in 

classroom observations and interviews as a way of checking if a symbolic form was reasonable (Double et al., 2020; Yan et al., 

2022). These strategic changes were accompanied by affective responses. Ten of the 12 participants reported having less 

mathematics anxiety during or after the supported activities and 11 reported greater confidence in attempting calculus tasks. 

Student-04 said, “I used to be afraid of integrals, but now I am more willing to try because there is a tool to help me.” These 

statements were seen as self-reported case evidence, not scores from a psychological scale. No inferential correlation was 

calculated between strategy and affective codes. 

 These findings also suggest that the system is in a common pattern within every case: symbolic hurdles were the ones where 

intuitive or visual meaning had to be encoded and manipulated symbolically; AI support made some of these transitions more 

visible and revisable; and students responded through representation cycling, feedback seeking, comparison, and reflection. The 

degree of progress varied, particularly at the transition from symbolic process to formal justification.  

Figure 5 summarizes the thematic relationships between students’ representational transitions, symbolic obstacles, AI 

scaffolding, adaptation strategies, and learning outcomes. The map does not imply a linear development trajectory. Rather, 

students moved from one stage to another in embodied, symbolic, and formal reasoning, with the most visible disruption when 

visual or intuitive meanings must be encoded in symbolic notation. 

DISCUSSION 

This study examined symbolic obstacles in undergraduate calculus and the ways in which AI-supported scaffolding was 

associated with students’ representational activity. There were four types of obstacles: graph-to-symbol translation, integral and 

sigma notation, limit notation, and symbolic algebraic manipulation. The biggest problem was when students tried to translate 

their visual or intuitive understanding into a valid symbolic expression. Across the AI-supported learning sequence, participants 

showed fewer coded symbolic-error occurrences in the post-activity assessment, with participant-level percentage reductions 

 

Figure 5. Thematic map of representational transitions, symbolic obstacles, and AI scaffolding pathways (Source: Authors’ own 

elaboration) 
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ranging from 27.4% to 53.8% and a mean reduction of 42.3%. Error Rate (ER), defined separately as the proportion of incorrect 

symbolic steps among all evaluated symbolic steps, was used as a normalized descriptive indicator and should not be confused 

with the percentage reduction in coded error occurrences. The qualitative evidence also showed that dynamic visualization, 

adaptive feedback, tiered guidance, and solution validation helped students revise symbolic work, coordinate representations, 

and reflect on their problem-solving process. These findings should be seen as patterns in a bounded intrinsic case and not as 

indicators of some causal effect of AI. 

Symbolic Obstacles as a Representational-Procedural Bottleneck 

The high proportion of graph-to-symbol errors indicates that the problem was not simply that students could not read 

graphical information. Students could describe the behavior of a curve, the area, or intuitive tendency in integral notation, sigma 

notation, limits, or algebraically equivalent form. Symbolic obstacles were therefore the point where meaning had to be 

maintained while also changing the representation.  

This is consistent with Duval’s perspective on semiotic representation, which states that there are transformations in a 

representation and transformations to different representational registers (Duval, 2017). In calculus, the latter requires students 

to understand that a graph, a numerical pattern, and a symbolic formula can give the same mathematical result but in different 

representational forms. We have shown that students’ difficulties arose when the correspondence was not reliable. As a result, dx, 

integral bounds, sigma indices, and limit markers were treated as procedural additions rather than mathematical elements.  

The representational-procedural disconnection we found in this paper is consistent with Indonesian research that showed 

that students can perform integration without losing mathematical sense-making and that representational obstacles can involve 

epistemological, didactical, and language-related aspects (Agustin et al., 2024; Alifiani et al., 2023; Murniasih et al., 2020).  

Our results also relate to recent studies on students’ interpretations of differentials and definite integrals. Nilsen and Knutsen 

(2023) found that first-year engineers used graphical, derivative-related, or change-based interpretations when they explained 

differentials, but did not always relate those interpretations to integral notation. Such fragmentation helps us to understand why 

a student may know the area or change shown in a diagram while not knowing that the symbolic structure needed to express it.  

The approach of the present study is to see these errors together as a representational-procedural bottleneck. The 

representational dimension is the continuation of meaning across graphs, verbal explanations, tables, and symbolic expressions, 

and the procedural dimension is the production of mathematically correct transformations after a symbolic expression has been 

set up. These are related but not the same: a student can apply a procedure correctly to a wrong symbolic model and understand 

the model or perform the symbolic transformation correctly, and the other way around. That distinction suggests that instruction 

should diagnose both the meaning represented and the validity of the symbolic steps rather than treating every error as a 

procedural weakness. 

The Symbolic World as a Hinge Between Embodied and Formal Reasoning 

When Tall’s three worlds of mathematics are considered, the symbolic world is perceived as the bridge between embodied 

and formal thinking (Tall, 2008). Participants often reached a meaning of embodied meaning through curves, areas, slopes, 

movements or visual changes. But their ability to put formal or formal-lite explanations into those meanings was also affected by 

the fact that they had already encoded those meanings in a stable symbolic form.  

This doesn’t mean the students went from embodied to symbolic and then to formal reasoning. Rather, the AI interaction logs 

and diagnostic responses reflect continued movement among representations. In the end, the students returned to graphs if they 

found symbolic mistakes, compared visual and algebraic results and altered notation after getting feedback. The Three Worlds 

should thus be understood in the context of interacting modes of mathematical activity and not as a static stage of development.  

In theory, these results support and refine rather than confirm the Three Worlds model in an AI-backed setting. The symbolic 

world was not only an intermediate level between intuition and proof. It was a kind of coordination space for students to connect 

visual meaning to what is familiar notation, executable procedures and formal justification. When symbolic expressions were 

unstable, the lack of formal reasoning inhibited students from making or communicating an argument because they did not have 

a mathematical language to do so. But methodological factors are also involved.  

Diagnostic responses and AI interaction logs made some of the transition process visible. The analysis could identify when 

students needed visual support, changed a symbolic expression, compared outputs, or shifted towards explanation rather than 

getting a summary of representational movement from the end of the answer. So the logs were process evidence of 

representational activity, although they should not be considered as an indication of cognitive function. 

AI Scaffolding as Support for Meaning-Making and Representational Coordination 

The results indicate that the pedagogical role of AI had a lot to do with how AI was included in the learning activity. Dynamic 

visualization, adaptive feedback, tiered guidance, and validation supported different aspects of the representational process. 

Dynamic visualization made relationships between curves, numerical values, slopes, areas, and symbolic expressions more 

evident. Adaptive feedback focused on particular inconsistencies in symbolic expressions. Tiered guidance split representational 

transitions into smaller tasks, and validation required students to compare AI-supported outputs with their own reasoning. 

This interpretation is in line with previous research that places external visualization as a fundamental ingredient in 

mathematical meaning-making, not a mere instructional device. Schoenherr and Schukajlow (2024) highlight that external 

visualizations are also important in mathematics learning because they are diverse and educational in nature. But they are 

valuable to students when we give them the tools to understand relationships and relate them to mathematical representations.  
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The mechanisms also fit interactive feedback models in digital mathematics. Such feedback is useful when we know where or 

what an error happens, and when we can try again and see if the answer is correct (Barana et al., 2021). Worked example research 

also shows that structured examples are useful for mathematical learning, but the timing and style of prompts might affect their 

use (Barbieri et al., 2023).  

In the current study, AI scaffolding appeared to reorganize students’ activity into the sequence of observing, predicting, 

encoding, checking, and explaining. This is a result of the triangulated data rather than a cognitive pathway. However, it does 

suggest that AI can be involved in conceptual meaning-making when prompts cause students to connect representations and 

justify their symbolic choices.  

The change in error rates described in the text does not imply that AI was involved in this change in behavior independently. 

The absence of a comparison group means practice, repeated practice with the tasks, classroom instruction, peer interaction, or 

knowledge of the assessment may also have been involved. The clear conclusion is that post-assessment error rates were lower 

after the AI-based sequence and that the qualitative evidence identified plausible scaffolding processes associated with those 

changes. 

Adaptive Strategies, Metacognitive Activity, and Self-Regulated Learning 

Participants’ recursive consultations, comparisons of manual and AI-driven solutions, representation cycling, and reflection 

on the feedback process suggest that AI interactions were sometimes part of a self-regulatory process as well. Students did not 

always accept the first output. Some reformulated prompts, went back to earlier steps, identified inconsistencies and considered 

alternatives. This is all part of monitoring, strategy adjustment, and evaluation.  

Recursive checking in this study is indicative of ongoing metacognitive activity in which students are challenged to reevaluate 

information, understand relationships and adjust their strategies. This is consistent with Kholid et al. (2022) who showed that 

reflective thinking can be present throughout problem solving and Wulan et al. (2021) who demonstrated that scaffolding is most 

useful when students are able to identify mistakes and re-frame their reasoning. In this study, adaptive AI feedback supported this 

process by pointing out symbolic errors and making students feel that they should justify their revisions rather than merely accept 

them. The findings also relate to self-regulated learning because productive AI use required students to set goals, monitor 

progress, seek appropriate support, and evaluate both their own and AI-supported solutions (Chiu, 2024). Nuryanis et al. (2026) 

similarly identified self-regulated learning, perceived ease of use, and AI self-efficacy as strong predictors of students’ perceptions 

of AI-based scaffolding. Although these findings do not establish causality, they highlight the importance of learner readiness, 

critical AI use, and instructional designs that promote active engagement rather than passive reliance. 

Research on AI-supported self-regulated learning similarly suggests that AI applications may support cognitive, metacognitive, 

and behavioral regulation, but do not automatically regulate motivation or guarantee active learner engagement (Guan et al., 

2025; Jin et al., 2023). Jin et al. (2023) found that university students perceived AI applications as potentially useful for several self-

regulated learning processes while also emphasizing learner identity, activeness, and position in relation to the system. Effective 

AI scaffolding therefore requires students to remain decision-makers rather than passive recipients of generated responses 

(Darvishi et al., 2024). 

In the literature on university mathematics, the same advice is held. Yoon et al. (2024) found that students’ conceptualization 

of generative AI during mathematical proving was influenced by their definitions of proof, AI concepts, and ethical concerns. They 

concluded that students need guidance to engage critically with generated arguments, rather than simply be passively taking 

them up. Zhuang (2025) investigated two different cases in calculus which showed that students’ perceptions of ChatGPT also 

influenced their willingness to accept mathematical errors and the persistence of using the system.  

These studies reinforce the need for productive recursive consultation and not dependency. Repeatedly asking AI for support 

might be self-regulation when students compare, evaluate, and revise. It may also be an example of over-scaffolding if students 

ask more and more explicit answers but don’t construct or validate their own reasoning. This is far from the difference in the 

number of interactions but in the epistemic work of the student.  

Validation is especially important, since AI-generated mathematical answers are not always reliable. Gandolfi (2025) said there 

was significant variability and repeated errors in solving college calculus problems with GPT models. Thus, AI output should be 

considered a conjecture, feedback source or comparison object rather than a mathematical authority that is simply unquestioned. 

Affective Responses and Willingness to Engage 

Some people said they were more willing to tackle symbolic calculus issues that had been structured with help. These 

comments could suggest that immediate support and improvement were available for them and that fear of errors may have been 

lessened. But no standardized measure of math anxiety and self-efficacy was developed. So we should interpret the findings as 

participants’ experiences of affective experience and not as changes to stable psychological constructs.  

This cautious interpretation is consistent with the literature. Sammallahti et al. (2023) found that interventions focused on 

cognitive support or emotional regulation might decrease mathematics anxiety and enhance mathematics performance, but not 

all intervention methods and time scales were used. Zakariya (2022) also found in a systematic review that mathematics self-

efficacy can be promoted with teaching methods, learning strategies, feedback, modeling and successful completion of maths 

tasks. 

In this study, affective responses were intertwined with representational and metacognitive experiences. Students’ 

willingness to try appeared to be more likely when they separated complex symbolic tasks into manageable steps, errors could be 

modified without immediate judgment, and visual or procedural support was available. The affective value of AI may be partly in 
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creating opportunities for attainable progress. But such support should be gradually withdrawn so that students’ own 

mathematical competence is tied to the continued availability of the tool. 

Theoretical and Pedagogical Contributions 

The study makes three theoretical contributions which are interrelated. It is the first to consider symbolic obstacles as a 

representational-procedural bottleneck and not just an isolated notation error. Second, it extends the Three Worlds model and 

explains how AI-based interactions can be used to support recurrent movement between embodied, symbolic, and formal 

activities. Third, it demonstrates how it is possible to combine written diagnostic evidence with AI logs to analyze not just the final 

answers but also how students’ answers are submitted, revised, checked, and explained.  

The findings also show AI-based scaffolding should not be defined simply by the presence of an AI tool. Its quality of teaching 

depends on whether the interaction leaves student agency intact, links representations, acknowledges a specific error, and 

requires mathematical justification. Recent reviews of ChatGPT in math education also highlight opportunities for personalized 

feedback and conceptual support, as well as risks of inaccurate outputs, passive acceptance, low critical involvement, and over-

reliance (Pepin et al., 2025).  

The findings support the following six-stage approach for classroom use:  

1. Find the location of the obstacle first before giving assistance.  

2. Start with an embodied, intuitive, or visual prompt to activate meaning.  

3. Require the student to create the symbolic representation  

4. Give specific feedback for each step of the process, without replacing the student’s solution process.  

5. Give verification, comparison, and explanation of the final symbolic work.  

6. Fade AI support and end with an unaided transfer task.  

Dynamic visualization is important in this sequence because it allows a transformation to be assessed in multiple 

representations at once. Students should be required to state what remains invariant, explain how the graph constrains the 

symbolic expression, and create the notation themselves.  

Without these requirements, visualization may be observational rather than becoming a bridge to symbolic reasoning. 

Assessment should also consider more than final answer quality. Symbolic-step rubrics can show where transformation fails; 

cross-representation items can tell if the graphical, symbolic, and verbal answers are coherent. AI interaction logs may supplement 

these assessments with revisions and checking behavior, but log frequency should not be interpreted as learning quality without 

examining the content of the interaction. 

LIMITATIONS AND DIRECTIONS FOR FUTURE RESEARCH 

There are several limitations to the interpretation of the findings. First, 12 students in the study were studied as part of a single 

university. But the value of the study lies in context-specific analysis and not statistical generalization. Therefore, replication 

between institutions, programs, and regions is needed to understand which patterns are stable and which depend on local 

curriculum, language, technology access, or teaching culture.  

Second, the diagnostic tool was solely oriented towards symbolic representations and transformation. While interviews, 

observations, and explanation items brought together the evidence, the study did not evaluate proof competence, understanding 

of concepts for the whole calculus curriculum, or long-term retention. Third, the pre-post descriptive changes cannot separate AI 

from practice, instruction, repeated assessment, or peer participation. Future studies may also be applicable to comparison 

conditions, equivalent alternate-form assessments, delayed post-tests, and unaided transfer. Fourth, dependency was not 

investigated in depth in the study after scaffolding was removed. Further study should compare fading schedules to determine 

whether students can maintain representational coherence without AI assistance. Process analyses could also differentiate 

productive help-seeking from answer-seeking behavior.  

Finally, affective responses were based on qualitative reports rather than standardized instruments. Future research should 

combine interview evidence with task-specific self-efficacy measures, mathematics-anxiety scales, and longitudinal interaction 

data (Yang et al., 2024). Such designs would allow us to study how symbolic competence, AI-supported regulation, confidence, 

and anxiety build up over time without reducing these complex relationships to simple frequency associations. 

CONCLUSION 

In this study, we identified four interrelated symbolic obstacles for undergraduate calculus students, from translation from 

graph to symbol, interpretation of integral and sigma notation, interpretation of limit notation and symbolic algebraic 

manipulation. Students struggled most to transform intuitive or visual meaning into mathematical notation; the main bottleneck 

was from being embodied to symbolic reasoning. In this case, artificial intelligence scaffolding (dynamic visualization, adaptive 

feedback, step-by-step guidance, and solution validation) helped students to compare representations, identify symbolic 

inconsistencies, revise solutions, and reflect on their reasoning. Participant-level comparisons revealed 27.4%–53.8% fewer coded 
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symbolic errors post-activity than at baseline, but these changes should be taken as descriptive within-case evidence and not as 

a result of artificial intelligence.  

The study provides a coherent approach to calculus education to integrate Tall’s Three Worlds of Mathematics, 

representational fluency, embodied thinking and artificial intelligence interaction logs. The findings indicate that symbolic 

obstacles are not simply procedural errors, but representational errors in the way in which mathematics is understood and 

artificial intelligence is most useful as contingent scaffolding rather than as an answer-generating tool. Instructors should combine 

visual exploration, student-generated symbolic representations, targeted feedback, conceptual justification, and progressively 

faded assistance. Because this study is based on only a small sample from one institution and only in symbolic performance, future 

research should extend this framework to larger schools and use longitudinal or comparative designs and look at how 

independent representational and formal reasoning is maintained even when there is no artificial intelligence support. 
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